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In this paper, the asymptotic behavior of a trigonometric series with O-regularly
varying quasimonotone coefficients is investigated. Our result generalizes the
Žcorresponding ones given in Boas’s book 1967, ‘‘Integrability Theorems for
.Trigonometric Transforms,’’ Springer-Verlag, BerlinrNew York and Nurcombe’s
Ž .paper 1993, J. Math. Anal. Appl. 178, 63]69 . Q 2000 Academic Press
 4‘Let a be a null sequence of complex numbers. Setn ns1
‘ ‘
f x ’ a cos nx , g x ’ a sin nx. 1.1Ž . Ž . Ž .Ý Ýn n
ns1 ns1
Ž . Ž .The object of this paper is to establish the equivalences among 1.2 ] 1.4
for certain types of a :n
a s O nya l n as n “ ‘ , 1.2Ž . Ž . Ž .Ž .n
f x s O x ay1 l 1rx as x “ 0q , 1.3Ž . Ž . Ž . Ž .Ž .
g x s O x ay1 l 1rx as x “ 0q . 1.4Ž . Ž . Ž . Ž .Ž .
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< <We assume that the series defining f and g converge on 0 - x F p and
1w x Ž . Ž .f , g g L yp , p , whenever we mention 1.3 and 1.4 . For 1 - a - 2, the
Ž .condition 1.4 describes certain local Lipschitz behavior of the function g.
w xResults in this direction are closely related to the work of Lorentz 7 . We
w xrefer the readers to 2, 4, and 8 for details. In this paper, we focus our
w xattention on the case 0 - a - 1. In 2, p. 5, Theorem 8 , Boas pointed out
Ž . Ž .that if a x0 and l ’ 1, then all of 1.2 ] 1.4 are equivalent. This resultn
w xhas been extended by Nurcombe 9, p. 64 from monotone to quasimono-
tone sequences. The purpose of this paper is to generalize Nurcombe’s
result from quasimonotone to O-regularly varying quasimonotone se-
quences and to expand it from l ’ 1 to general l . Our result reads as
follows.
w . Ž .THEOREM 1. Let 0 - a - 1, l : 1, ‘ ‹ 0, ‘ be slowly ¤arying, and
 4‘ Ž . Ž . Ž .a be O-regularly ¤arying quasimonotone. Then 1.2 « 1.3 ] 1.4 .n ns1
Ž . Ž . Ž .Moreo¤er, if a g R for all n, then 1.2 m 1.3 m 1.4 .n
w x Ž .Following 1 , l is said to be slowly varying in Karamata’s sense if for
Ž . Ž .each l ) 0, l l x rl x “ 1 as x “ ‘. On the other hand, a positive
 Ž .4‘sequence R n is said to be O-regularly varying, providedns1
R ln R lnŽ . Ž .
0 - lim inf F lim sup - ‘ for all l G 1 .Ž .
R n R nn“‘ Ž . Ž .n“‘
w x  4‘Set Da s a y a . As defined in 5 , we say that a is O-regularlyn n nq1 n ns1
varying quasimonotone, if the following relation holds for some u g0
w .  Ž .4‘0, pr2 and some O-regularly varying nondecreasing sequence R n :ns1
< <D a rR n g K u ’ z g C : arg z F u for all n G 1 . 4Ž . Ž . Ž .Ž .n 0 0
Obviously, quasimonotone sequences are O-regularly varying quasimono-
Ž . atone sequences, which correspond to the case u s 0 and R n s n with0
w xa G 0. Therefore, Theorem 1 generalizes the corresponding results in 2
w xand 9 . It should be noticed that the second part of Theorem 1 may not
Ž . Ž . Ž . Ž .hold even for l ’ 1, provided 1.2 ] 1.4 are replaced by 1.2* ] 1.4* ,
stated below.
a ; Anya l n as n “ ‘ , 1.2*Ž . Ž . Ž .n
ap
ay1 qf x ; Ax l 1rx G 1 y a sin as x “ 0 , 1.3*Ž . Ž . Ž . Ž . Ž .
2
ap
ay1 qg x ; Ax l 1rx G 1 y a cos as x “ 0 . 1.4*Ž . Ž . Ž . Ž . Ž .
2
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This can be verified by considering the sequence
¡ yaAn l nŽ .
kif n s 2 for some k G 1;~a s 2n ¢ yaAn l n otherwise.Ž .
w xWe refer the readers to 6 for a further discussion.
Proof of Theorem 1. We have
a < <l n k aŽ . k
< <na F sup n G 0; n G 1 . 2.1Ž . Ž .2 n a ž /n l kŽ .kGn
w x Ž .To modify the proof given in 5, pp. 256]257 , 2.1 will lead us to
‘ a < <l n k aŽ . k
< <Da s O sup n G 1 . 2.2Ž . Ž .Ý k a½ 5ž /n l kŽ .kGnksn
Ž .  4‘Assume that 1.2 holds. Then a is of bounded variation, and so then ns1
< <series defining f converges on 0 - x F p . Moreover, f x ge F < x < Fp 4
1w x Ž w x. w xL yp , p for all e ) 0 cf. 10, p. 4 . For 0 - x F 1, let M s 1rx . Then
M ‘
< <f x F a q a cos nx s S q S , 2.3Ž . Ž .Ý Ýn n 1 2
ns1 nsMq1
Ž Ž . Ž .. wqsay. We have ya ) y1 and lim l M rl 1rx s 1. By 3, Theoremx “ 0
x6 , there exists C ) 0 such thata
a M a< < < <k a k ak kya 1yaS F sup n l n F C sup M l MŽ . Ž .Ý1 až / ž /l k l kŽ . Ž .kG1 kG1ns1
s O x ay1 l 1rx as x “ 0q. 2.4Ž . Ž .Ž .
Ž . Ž .Denote by D x the nth Dirichlet kernel. Then 2 cos nx s D x yn n
Ž . Ž .D x . Employing the summation by parts, 2.2 will lead us tony1
‘1 1
< < < <S F Da D x q a D xŽ . Ž .Ý2 n n Mq1 M2 2nsMq1
‘p
ay1 q< <F Da s O x l 1rx as x “ 0 . 2.5Ž . Ž .Ž .Ý nx nsMq1
Ž . Ž . Ž . Ž .Putting 2.3 ] 2.5 together yields the asymptotic formula 1.3 . From 1.3 ,
1w x 1w xf x g L yp , p for some e ) 0. This leads us to f g L yp , p . < x < F e 4
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Ž . Ž . Ž .Therefore, 1.2 « 1.3 . Replace D x by the nth conjugate Dirichletn
˜ Ž .kernel D x . We find that the above argument still works well for then
Ž . Ž .implication 1.2 « 1.4 . Now, we consider the reverse implications. We
w xassume a g R for all n G 1. By 1, Proposition 1.5.10 , we obtainn
x ‘
ay1 yay1t l 1rt dt s t l t dtŽ . Ž .H H
0 1rx
x a l 1rxŽ . q; as x “ 0 . 2.6Ž . Ž .
a
Ž . w xAssume that 1.3 holds. Then, by 10, Theorem IX.3.19 , the cosine series
Ž . Ž . Ž .in 1.1 is the Fourier series of f. Putting 1.3 and 2.6 together yields
‘ x
y1 a qn a sin nx s f t dt s O x l 1rx as x “ 0 .Ž . Ž . Ž .Ž .Ý Hn
0ns1
To integrate both sides from 0 to x, we can find d ) 0 such that
y1ya ‘x
y2K ’ sup n a 1 y cos nx - ‘. 2.7Ž . Ž .Ýd nl 1rxŽ .0-x-d ns1
w Ž .x Ž .By 5, Lemma 4.1 ii , a G 0 for all n. Set x s 2pr 3N . Then 1 y cos nxn ' w xG 0 for all n and 1 y cos nx G 1 y 3r2 for all Nr2 F n F N. From
Ž . Ž Ž . Ž ..2.7 and lim l 1rx rl N s 1, we getN “‘
N
1ya< <a s O N l N as N “ ‘ . 2.8Ž . Ž . Ž .Ž .Ý k
w xks Nr2
 Ž .4‘Let R n be an O-regularly varying nondecreasing sequence associ-ns1
 4‘  Ž .4‘ated with a . Then a rR n is nonincreasing, and son ns1 n ns1
N < < < <a N N N aN N
< <a G R G . 2.9Ž .Ý k ž /ž /R N 2 2 2 sup R 4k rR kŽ . Ž . Ž .Ž .k G1w xks Nr2
Ž . Ž . Ž . Ž .Putting 2.8 ] 2.9 together, we deduce 1.2 . It remains to prove 1.4 «
Ž . Ž .1.2 . Assume that 1.4 holds. We have
‘ x
y1 a qn a 1 y cos nx s g t dt s O x l 1rx as x “ 0 .Ž . Ž . Ž . Ž .Ž .Ý Hn
0ns1
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This ensures the existence of d ) 0 such that
ya ‘x
y1K ’ sup n a 1 y cos nx - ‘.Ž .Ýd nl 1rxŽ .0-x-d ns1
Ž . Ž . Ž .Modifying the proof from 2.7 to 2.9 , we obtain 1.2 . This completes the
proof.
REFERENCES
1. N. H. Bingham, C. M. Goldie, and J. L. Teugels, ‘‘Regular Variation,’’ Cambridge Univ.
Press, Cambridge, UK, 1987.
2. R. P. Boas, ‘‘Integrability Theorems for Trigonometric Transforms,’’ Springer-Verlag,
BerlinrNew York, 1967.
3. R. Bojanic and E. Seneta, A unified theory of regularly varying sequences, Math. Z. 134´
Ž .1973 , 91]106.
4. L.-Y. Chan, Generalized Lipschitz classes and asymptotic behavior of Fourier series, J.
Ž .Math. Anal. Appl. 155 1991 , 371]377.
5. C.-P. Chen and G.-B. Chen, Uniform convergence of double trigonometric series, Studia
Ž .Math. 118 1996 , 245]259.
6. C.-P. Chen and L. Chen, Asymptotic behavior of trigonometric series with O-regularly
varying quasimonotone coefficients, submitted for publication.
Ž .7. G. G. Lorentz, Fourier-koeffizienten und funktionenklassen, Math. Z. 51 1948 , 135]149.
( )8. J. Nemeth, Note on Fourier series with nonnegative coefficients, Acta Sci. Math. Szeged´
Ž .55 1991 , 83]93.
9. J. R. Nurcombe, On trigonometric series with quasimonotone coefficients, J. Math. Anal.
Ž .Appl. 178 1993 , 63]69.
10. A. Zygmund, ‘‘Trigonometric Series,’’ 2nd ed., Vol. I, Cambridge Univ. Press, Cambridge,
UK, 1968.
